We rephrase the derivation of black hole radiation so as to take into account, at the level of transition amplitudes, the change of the geometry induced by the emission process. This enlarged description reveals that the dynamical variables which govern the emission are the horizon area and its conjugate time variable. Their conjugation is established through the boundary term at the horizon which must be added to the canonical action of general relativity in order to obtain a well defined action principle when the area varies. These coordinates have already been used by Teitelboim and collaborators to compute the partition function of a black hole. We use them to show that the probability to emit a particle is given by e −∆A/4 where ∆A is the change in the horizon area induced by the emission. This expression improves Hawking result which is governed by a temperature (given by the surface gravity) in that the specific heat of the black hole is no longer neglected. Our calculation is based on the same principles which are used to derive the first law of black hole thermodynamics. It therefore explains why Hawking radiation and the first law are consistent. Our analysis equally applies to cosmological and acceleration horizon areas. This indicates that black hole thermodynamics should be conceived as a special case of event horizon thermodynamics.
Introduction
There are two possible approaches to the gravitational back reaction to Hawking radiation. The first is to develop a microscopic theory of quantum gravity and to use it to calculate the properties of black holes. This program has been partially realized in the context of super-string theory [1] . The second is to use Hawking's calculation [2] as a starting point to compute the gravitational corrections to black hole evaporation. Hopefully these two approaches should meet in some middle ground.
In the second approach, the back reaction has been addressed along two complementary lines. The first is the "semi-classical" theory wherein one first compute the mean (quantum average) energy-momentum tensor of the quantized fields propagating on the background geometry and then solves the Einstein equations driven by this mean value. The solution describes an evaporating geometry characterized by the shrinking of the horizon area [3, 4, 5] . In this treatment, the metric remains classical and unaffected by the quantum fluctuations of the energy-momentum tensor.
The second line of attack is to take into account the dynamics of gravity at the level of transition amplitudes before performing the quantum average over the configurations of the radiation field. Since Hawking radiation is derived from quantum field theory, the most natural procedure would be to use Feynman rules. However, the ill-defined ultraviolet behavior of quantum gravity has so far prevented this approach from being successfully followed. Thus, one has to resort to less ambitious schemes.
Some interesting insights have been obtained by taking the gravitational back reaction into account at the classical level, before computing transition amplitudes. To this end, the matter action S matter in a given geometry is replaced by the action of matter plus gravity S matter+gravity . A concrete model has been developed by Keski-Vakkuri, Kraus and Wilczek (KKW) [6, 7, 8] . It describes the propagation of a massless spherically symmetric self-gravitating shell in a black hole geometry. Having computed the new action, they postulate that the wave function of a shell is given by the WKB form e iS m+g . Using these waves, they derive the black hole emission amplitudes of uninteracting (dilute gas approximation) shells. A similar approach has been used in a Euclidean framework in [9] following the techniques developed in [10] . In this case, the probability for the black hole to emit a particle is expressed in terms of the action S m+g of a self gravitating instanton.
The striking result of these works is that the probability for a black hole of mass M to emit a particle of energy λ is given by P M →M −λ = N(λ, M)e −∆A(λ,M )/4 (1) where ∆A(λ, M) = A(M) − A(M − λ) is the decrease of the area of the black hole horizon. N is a phase space (also called grey body) factor which cannot be calculated in these approximation schemes.
Eq. (1) replaces Hawking's result P M →M −λ = Ne −2πλ/κ which is characterized by a temperature T H = κ/2π defined by the surface gravity κ. To first order in λ, the first law of black hole thermodynamics dE = κ 8π dA guarantees that the two expressions for P M →M −λ coincide. This suggests that Hawking radiation and the first law both stem from the same principle. This is far from obvious since the first law relates neighboring classical solutions of general relativity whereas black hole radiance is derived from QFT in a given geometry.
The aim of the present work is to reveal their common origin and to establish the universal validity of eq. (1) . We shall show that both follow from the use of the complete action S m+g in place of the matter action in a given geometry. The reason is that the emission of a matter quantum can now be viewed as the transition between two neighboring black hole states. In this transition, the energy is transfered from the hole to the radiation, a feature absent in the derivation of black hole radiance based on Bogoliubov coefficients evaluated in a given geometry. Moreover, the relevant dynamical quantity governing this transition is the difference of actions: S m+g (f inal) −S m+g (initial). Then, as in deriving the first law [11, 12] , this difference can be reexpressed as a difference of boundary terms at the horizon. From this, it is easy to show that the difference which governs emission rates is equal to the change in horizon area divided by 4. Thus not only does this approach show how the gravitational backreaction modifies the emission of a single quantum by the black hole, but it also explains why Hawking radiation is consistent with the first law.
To demonstrate these results, we make use of the appropriate coordinate system to describe processes inducing changes in area. These are the boost parameter Θ and its conjugate variable, the area of the horizon A/8π. These variables where used by Teitelboim and collaborators [13, 11, 12] to compute the partition function of the black holeà la Gibbons-Hawking [14] starting from the appropriate classical action. In this case, they showed that one must add to the canonical action (pdq − Hdt) a boundary term equal to ΘA/8π. In our context, it is through this boundary term that we shall obtain eq. (1) and establish the relationship with the first law.
We have organized this paper as follows. After a brief review of Hawking's derivation formulated in a fixed geometry, we introduce the reader to the variables Θ and A and to their role in boundary terms at the horizon. In particular we emphasize that the particular form of the boundary term is dictated by the physical process considered. For the emission of particles by a black hole, the appropriate action is the canonical action S m+g supplemented by ΘA/8π. This action is used in section 4 to compute the transition rates of a detector at a fixed radius of the black hole. The usefulness of introducing a detector is that the transition amplitudes are expressed in terms of the overlap of the initial and final states of the detector+black hole complex. Both are stationary states, that is eigenvectors of i∂ Θ with eigenvalue equal to the area of the black hole. In this setting the ADM mass is fixed and therefore the time at infinity cannot be used to parameterize the evolution [30] . Instead one must use Θ time. It is then strait forward to show that the ratio of transition rates of the detector is given by e −∆A/4 . Even though the introduction of a detector is useful, it is not intrinsic to black hole radiation. This is why in section 5 we reconsider the KKW model which only makes appeal to the action of the particles emitted by the black hole. By using Θ and A we shall recover KKW's result in very simple terms and make contact with the former derivation. Moreover, we shall show that eq. (1) follows directly from the universal form of out-going trajectories in these variables and the specification that the field configurations be in (Unruh) vacuum. Thus eq. (1) applies to all emission processes in the presence of horizons, including charged and rotating black hole, cosmological and acceleration horizons (in the latter case the horizon area is infinite, but differences are finite and well-defined, see [10, 15, 16] ). This universality suggests that black hole thermodynamics should be enlarged to horizon thermodynamics in general. In this we make contact with the intimate relation between horizon thermodynamics and Einstein's equations exhibited by Jacobson [17] .
Hawking Radiation
In this section we fix the notations and review two standard derivations of black hole radiation. In the first derivation, following Unruh [18] , we introduce a two level atom coupled to the radiation field and whose position is fixed. Then, using Einstein's argument, one determines the distribution of massless quanta from its transition rates. In this way one only uses basic quantum mechanical rules. The second approach is more intrinsic and closer to Hawking's derivation [2] . Black hole radiation is established through the Bogoljubov transformation relating in-modes which determine the state of the radiation field before the collapse (which shall be taken for simplicity to be in-vacuum) and out-modes which define the particles emerging from the hole and found at infinity.
The metric of a Schwarzschild black hole is
We introduce the light like coordinates u and v:
and the Kruskal coordinates U K and V K :
where κ = 1/4M is the surface gravity. For a black hole formed by the collapse of a spherically symmetric star, the outgoing modes, solutions of the Dalembertian equation have the following form near the horizon:
Further away from the horizon this expression is no longer exact because of the potential barrier which surrounds the black hole. For simplicity throughout the article we shall neglect the potential barrier. It would only encumber the expressions, whereas all the physics lies near the horizon where it plays no role. Moreover, the transmission coefficients induced by this barrier cancel out from the ratio of the transition rates which determines the Boltzmann distribution, see eq. (10) below.
The modes eq. (5) are associated with the out-going particles as seen by infalling observers. Indeed, for r − 2M ≪ 2M, the proper time lapse of infalling observers is proportional to ∆U K . This is simply seen by re-expressing the Schwarzschild metric in
2 Ω. Hence near the horizon, for infalling observers, the modes eq. (5) have positive frequency.
Using these modes, the field operator can be decomposed as:
By definition, the in-vacuum state, denoted |0 U , is annihilated by the a ωlm operators.
In the literature it is often called the Unruh vacuum. The fact that it is annihilated by all a ωlm guarantees that infalling observers experience vacuum conditions as they cross the future horizon. Consider now a particle detector at fixed radius R of the black hole and angular position Ω. It has two levels |e and |g of energy E e and E g with ∆E = E e − E g > 0.
For simplicity we shall take R to be very large (R ≫ 2M). Then t is the proper time of the detector and ∆E is the energy gap as measured from r = ∞. For smaller r, one should take into account the gravitational red shift.
In the interaction representation, the coupling of the detector to the field Φ is given by H int = γΦ(t, R, Ω) e +i∆Et |e g| + h.c.
where γ is the coupling constant. When the detector is initially in its ground state, the state of the system (detector plus radiation field Φ) is |0 U |g . In the interacting picture, at late times and to first order in γ, this state becomes:
where C = (1/κ) exp(κR + 1 2 ln(R − 2M)). Similarly if the detector was initially in its excited state, the final state would have been
Since we are interested in determining the population of quanta seen by the detector, we only need to compute the ratio of the transition rates. By replacing t by t+iπ/κ in the integral governing the transition amplitude B e→g,ω,l,m , one obtains B g→e = B * e→g e −π∆E/κ for all l, m, ω, see [19, 20] . Thus the ratio of the transition probabilities is:
This corresponds to the rates in a thermal bath at temperature κ/2π = 1/8πM. Then, using Einstein's argument, one obtains that the quanta of the radiation field are distributed according to the Planck distribution. This derivation is equivalent to calculating the Bogoljubov transformation between Unruh modes, eq. (5), and the out-modes defined below in eq. (11) . Indeed the transition amplitudes B g→e,ω,l=0 and B e→g,ω,l=0 are proportional to the Bogoliubov coefficients α ωλ and β ωλ when ∆E = λ, see [18, 19] . This relationship provides a physical interpretation of Bogoljubov coefficients as transition amplitudes. A concept that we shall rediscuss below.
We now turn to the second derivation in which the spectrum of emitted particles is determined only in terms of solutions of the Dalembertian with a given frequency i∂ t = λ. There are two positive norm modes for each value of λ which identically vanish either inside or outside the horizon:
Once more we have neglected the potential barrier outside the black hole and for simplicity we have considered only s-waves (l = 0). The modes ϕ + define the out-quanta, i.e. those used by a static observer around the black hole to describe the presence or absence of out-going particles. We can again decompose the field operator into ϕ ± modes:
By definition the a out,λ± annihilate the out vacuum, |0 out . It is now appropriate to introduce a third set of modes φ λ,± which posses the following properties. They are eigenmodes of i∂ t = λ and are composed only of positive frequency modes, eq. (5), which define Unruh vacuum. The simplest way to implement this last condition is to express the out-modes in Kruskal coordinates: ϕ λ± ≃ (∓U K ) ±iλ/κ θ(∓U K ). Since ∆U K is proportional to the proper time of an infalling observer, φ λ must be the linear combination of ϕ λ± which is analytic and bounded in the lower half of the complex U K plane. Upon requiring also that the φ λ± have unit norm, one obtains
One can verify by evaluating the overlap of φ λ and φ ω that the φ λ are linear combinations of the φ ω with no φ * ω component, see e.g. [20] . One can then decompose the field operator in terms of these new modes:
Then, Unruh vacuum is annihilated by the a λ± operators. The weights in eq. (13) define the Bogoljubov coefficients α λ and β λ . Their ratio satisfies
Since |β λ | 2 determines the mean number of out quanta of energy λ in Unruh vacuum, eq. (15) implies that Unruh vacuum is a thermal distribution of out-particles at temperature κ/2π, in agreement with eq. (10).
We will find it convenient below to use the same argument, but rephrased in coordinate systems which are regular on the future horizon and which lead to a static metric. This second condition implies that the time parameter is proportional to t at fixed r. An example is given by the Eddington-Finkelstein coordinates v, r, Ω in which the metric has the form:
Near the horizon the metric takes the simple form ds 2 ≃ 2dvdr +r 2 dΩ 2 which shows that v, r are inertial coordinates. Moreover since −dr is proportional to dU K , the momentum p r plays the role of the frequency ω of eq. (5) and one can translate the analytical condition implementing Unruh vacuum in terms of r: to obtain a φ mode, one analytically continues ϕ + in the upper half complex r plane to define its value for r < 2M. As shown in [21] , one immediately obtains eq. (13) . In Section 5, it is through the analytical behavior in r of the modified modes that we shall determine the corrections to eq. (15) .
In conclusion of this Section, we wish to emphasize the following point. In the transitions described in eq. (8), there is a transfer of energy from the radiation field to the detector but the black hole mass stays constant. Similarly, upon computing the Bogoliubov coefficients in eq. (13), the geometry is unaffected. In these descriptions of black hole radiation, there is no transfer of energy from the hole into radiation. The notion of black hole evaporation only arises when the mean energy momentum tensor of the radiated quanta is put on the r.h.s of Einstein's equations wherein it drives the shrinking of the horizon area [2] - [5] .
This artificial two step procedure results from the original sin: to have decided to work in a given geometry. As we shall see in Sections 4 and 5, upon working with a recoiling geometry, energy conservation will be taken into account at the level of amplitudes, as in the Compton effect. Then, the black hole will act as a reservoir of energy in delivering heat to the external world, i.e. by loosing the corresponding energy.
Boundary terms in the Einstein-Hilbert Action
In this section, following [11] , we introduce coordinates which have an intrinsic geometric interpretation near the horizon. These coordinates are the hyperbolic angle Θ, the transverse coordinates along the horizon x i ⊥ and the radial proper distance from the horizon ρ. In terms of these coordinates, the metric near the horizon takes the universal form
For simplicity we have written the metric for a static horizon, for the stationary case we refer to [12] . The area of the horizon is A = dx 2 ⊥ √ γ. For instance in the case of a Schwarzschild black hole Θ = κt, ρ = 8M(r − 2M), and γ ij dx
. The universal form of the metric in these coordinates implies that if we use them to describe a process near a particular horizon, the description of the same process in the vicinity of any other horizon will be identical. The developments presented in sections 4 and 5 for a Schwarzschild black hole thus also apply to charged and rotating holes and to cosmological and acceleration horizons. Furthermore because these coordinates lead to such a simple form for the metric, physical process occurring near the horizon will be most simply described in these coordinates. In this section, this will be illustrated by considering the boundary terms at the horizon that arise in the Hamiltonian formulation of general relativity. In the next sections we shall see that these coordinates are also well adapted to describe particle production near event horizons.
We start the analysis of the boundary terms in the Einstein Hilbert action with the canonical action
where g ab is the spatial metric, π ab its conjugate momentum, q and p the coordinates and momentum of matter, N and N i the lapse and shift, and H and H i the energy and momentum constraints.
In this section we work in the context of eternal black holes which posse both future and past horizons. We consider the action restricted to the right quadrant of the full Kruskal manifold and take the time foliation to resemble Schwarzschild time. The equal time slices then have two boundaries: one at spatial infinity and one at the horizon (more precisely at the intersection of the past and future horizon). Variations of the action eq. (18) gives rise to boundary terms because of the presence of spatial derivatives of the metric in H and H i . Upon considering a given class of metrics, one must add surface terms to I can in order that the action be stationary on the solutions of the equations of motion. We now review these features, starting with the boundary at infinity. Details of the calculations will not be presented. They can be found in many papers, see for instance [22] [23] [13] [12] .
We consider first the boundary at infinity. Varying eq. (18) while imposing that the space time is asymptotically flat yields δI can = dt terms giving eqt. of motion + t ∞ δM ADM (19) where t ∞ = dtN is the proper time at infinity and M ADM is the mass at infinity (defined in terms of the behavior of g rr for large r). In this form the action is extremal on the equations of motion if one varies among the class of metrics for which M ADM is kept fixed. On the contrary, if one varies among the class of metrics for which t ∞ is kept fixed but M ADM is arbitrary, one must subtract the surface term M ADM t ∞ from I can in order to have a stationary action. Then the variation of
This second form of the action is generally more convenient because one can calculate S ′ as a function of t ∞ , and then use this expression to calculate the time evolution of the matter and metric. Indeed when M ADM is a conserved quantity, the Hamilton-Jacobi equation ∂S ′ /∂M ADM = const gives the time evolution. A second more physical reason is that one may want to study systems for which the ADM mass does vary.
We now turn to the boundary term at the horizon. The analysis proceeds in parallel with the preceeding one. The form of the boundary term is dictated by the fact that one requires that near the horizon the lapse and shift vanish (or more precisely that at ρ = 0, the momentum π ρ ρ and the derivative of the area of the surfaces of constant ρ, ∂ ρ A, vanish, see [12] ) and hence the metric can be put in the form eq. (17) .
Upon varying eq. (18) one finds a boundary term at the horizon δI can = dt terms giving eqt. of motion − ΘδA/8π (21) where Θ = κdt is the hyperbolic angle defined in eq. (17) and A is the area of the horizon. One thus sees that Θ arises as t did in eq. (19) . Moreover, as pointed out in [11] , A/8π and Θ are conjugate variables in the usual Hamilton-Jacobi sense. Eq. (21) shows that I can is extremal on the equations of motion for the class of metrics which have fixed horizon area. If one wishes to consider physical processes in which the area can vary, one must work with a third action S = I can +ΘA/8π. This action must also be used when working in the Euclidean continuation of the black hole [13] . Indeed regularity of the Euclidean manifold at the horizon imposes a fixed Euclidean angle given by Θ E = 2π. The surface term in the action then contributes a term A/4 to the partition function which is interpreted as the entropy of the black hole. One of the main advantage of introducing this boundary term is to clarify the derivation of this partition function which was first considered by Gibbons and Hawking [14] .
In brief, upon considering processes occurring around a black hole, there are a priori 4 actions which can be considered according which quantities are fixed in the variational principle and therefore according to the surface terms. Two however are rather unphysical. Indeed fixing both the ADM mass and the horizon area is inconsistent as can be seen by considering the vacuum spherically symmetric solutions for which fixing the ADM mass determines the horizon area. For non empty geometries, this double specification would impose an unusual constraint on the matter energy repartition. Similarly fixing both the time at infinity and the hyperbolic angle Θ is inconsistent. Thus one is left with two possibilities: fixing the ADM mass and Θ or fixing t ∞ and A. A more mathematical reason why these are the only two possibilities (in the absence of matter) is that the constraints H = 0 and H i = 0 viewed as differential equations need boundary conditions in order to yield a unique solution and fixing the ADM mass or the horizon area but not both provides the required boundary data [12] .
The choice among the two possibilities is dictated by physical considerations. If the ADM mass is not fixed but A is, this means that one is considering situations in which there are exchanges of energy between the matter surrounding the black hole and infinity while leaving the black hole itself unchanged. On the other hand if one fixes M ADM while letting A vary, one is studying processes in which the black hole and the surrounding matter exchange energy, but no energy is exchanged with infinity.
Clearly black hole evaporation belongs to the second situation when one wants to analyze what happens at finite r. Therefore in the next section, we shall fix the mass at infinity and express the action in terms of Θ and A. The relevant action in this case is
In section 5 we shall also consider the region behind the horizon. Thus the formalism developed here will not be directly applicable. Nevertheless, it will still be convenient to keep the ADM mass fixed and to describe the process in terms of Θ and A.
Probability for detector transitions in terms of horizon area change
In this section and the following one we calculate the transition rates governing black hole radiation when the matter action in a fixed geometry is replaced by the sum of matter and Einstein-Hilbert actions. In this new description, the deformation of the geometry induced by the quanta involved in the process is taken into account through the extremisation of the total action. We start with the description of black hole radiation based on the transitions of a static detector. Our aim is to show that it is the change in area associated with the quantum jump of the detector which determines the transition amplitudes. In what follows, we compute them in perturbation theory to first order in the coupling γ of the detector to the field, see eq. (7). As usual they are given by the overlap of the three free waves. Here these are the radiation wave function and the two stationary states of the detector + black hole complex. These two stationary states have two unusual properties. Firstly, they have as eigenvalue a given area rather than a given energy. Secondly, their eigenvalue, the black hole area, is entangled to the detector state since the ADM mass is fixed. Therefore, in this new description, the transitions of the detector correspond to quantum jumps from one horizon area to the other without having the possibility to interpolate smoothly from one stationary geometry to the other.
The detector is assumed to be at r = R in one of the asymptotically flat quadrants of an eternal black hole. We believe however that our analysis also applies to black holes formed by collapse and that the mathematical analysis in the two cases should be identical. This would require generalizing the analysis of the action of section 3, and the role the surface term at the horizon to this different setting. To our knowledge, such an analysis has not yet been carried out. Therefore we shall work with an eternal black hole.
We first compute the (Θ) time dependence of the wave functions associated with the two states of the detector when their energy is taken into account in the definition of the background. This amounts to evaluate the on-shell (stationary) action, eq. (22) . Since the detector is at r = const, both classical geometries are static. Thus the pq and π abġ ab terms in the action vanish. Moreover, on-shell, the constraints also vanish. Hence, at fixed M ADM , the only term contributing to S is the surface term at the horizon. This term is equal to ΘA g /8π or ΘA e /8π where A g (A e ) is the horizon area when the detector is in the ground (excited) state. Thus the time dependence of the free (i.e. γ = 0) wave functions are
This is certainly correct in a WKB approximation. Moreover, since in the absence of interactions with the radiation field one deals with stationary area eigenstates, the exponential form is exact. Of course, in an exact quantum treatment, the eigen-areas may receive quantum corrections, but this will not affect the exponential behavior. We now determine the expression for the outgoing modes which replaces eq. (5). In this section, we shall not take into account the gravitational deformation induced by these modes. The validity of this hypothesis will be discussed after we have presented the mathematical outcome. In the absence of back-reaction, the modes must be such that they correspond to excitations of the vacuum state defined near the horizon. Since Θ has been defined at the horizon, its relationship to the inertial light like coordinates
2 Ω near the horizon) is of the form dU K = Ce −Θ dΘ at fixed ρ. This universal relation exhibits the exponential Doppler shift which is the hall mark of horizons (except for extremal black holes). Therefore, we make the hypothesis that the new expression is
in place of e iCωe −κt , see eqs. (8, 9) . D is a constant which plays no role. We now assume that, to first order in γ and as in eqs. (8, 9) , the transition amplitudes are given by the "time" integral of the product of the three waves. Up to the same overall constant, they then are given by
Using eq. (23) and eq. (24) and by replacing Θ by Θ + iπ in either amplitude, one obtains
This establishes that (A e − A g )/4, the difference of the horizon areas if the detector is excited or not, governs the equilibrium distribution of the detector's states. The new distribution clearly corresponds to a micro-canonical distribution since we are considering exchanges of energy between the black hole and the detector with no ADM mass change at spatial infinity. This confirms the interpretation of A/4 as the statistical entropy of the black hole since e A/4 enters in eq. (26) as the quantum degenerescence of the initial and final black hole states. In this we confirm what has been found in [10, 15, 16, 8] .
Eq. (26) replaces the canonical expression of eq. (10) which is governed by the energy change E e − E g and by Hawking temperature κ/2π. To first order in E e − E g , energy conservation and the first law (i.e. dE detect. = −dM hole = −κdA/8π) guarantee that the new expression gives back Hawking's result eq. (10). The correction to this first order approximation is governed by the specific heat of the black hole. Thus it is completely negligible for large black holes. Therefore the main changes from eq. (10) to eq. (26) are conceptual. First, energy conservation is now built in through the use of the extremised total action. Secondly, the thermalization of the detector no longer reveals that a thermal flux of photons is emitted by the hole but more fundamentally that the detector is in contact with a reservoir whose entropy is A/4.
In order to reveal the origin of these qualitative changes and to justify the hypothesis we made, it is appropriate to rewrite the transition amplitudes in terms of the complete system: black hole, detector and radiation field.
To quantize the whole system requires to consider the Wheeler-DeWitt equation
In the one black hole sector, when the ADM mass is fixed, the Wheeler-DeWitt equation is supplemented by the Carlip-Teitelboim [11] equation
If instead, the horizon area is fixed and the ADM mass can vary, this remarkable equation is replaced by the more conventional i∂ t |Ψ +M |Ψ = 0. Notice the different signs ofÂ andM in these two equations. This is becauseÂ comes from an inner boundary andM from an outer one. This can also be seen at the classical level by comparing eqs. (19) and (21) . In our derivation, we first assume that, in the absence of interactions governed by γ, the energy of the radiation field (whether or not it is in an excited state) does not influence the geometry. This amounts to assume that the waves functions of the initial and final free states factorize:
This factorization is equivalent to postulate in a path integral formulation that the total action splits as a sum: S BH+det+Φ = S BH+det + S Φ wherein the latter is evaluated in the background defined by S BH+det . As shown in [24] , this approximation means that the recoil of gravity due to the energy of the radiation field has been taken to account to first order only. The corrections to this linear approximation are governed by gravitational interactions of the form T GT where T is the energy momentum tensor of the matter fields and G the graviton propagator [25] . These gravitational interactions contain three parts. The first describes the gravitational interactions of the photon and the detector. Neglecting these is probably legitimate if the detector is far from the black hole. The second part concerns the gravitational self interactions of the photon. These will be studied in the context of the shell model of KKW in the next section and will be shown to confirm eq. (24) . The third part describes the interactions among the quanta present in Unruh vacuum. In a dilute gas approximation these can be neglected. In brief, under assumption of factorizable wave functions, the time dependence of the black hole + detector waves are given by eq. (23) in virtue of eq. (28). And eq. (24) follows from usual Unruh boundary condition.
The second hypothesis concerns the transitions amplitudes. To obtain them, one should incorporate the interaction Hamiltonian, eq. (7), in the Wheeler-DeWitt constraint, represented here by eqs. (27) and (28) . To first order in γ, the modified propagation is expressed in terms of matrix elements of this Hamiltonian sandwiched by the free wave functions, as usual for the first order term in the Born series. This is also true when working with the solutions of the Wheeler-DeWitt equation 1 . Thus to first order in γ and up to an overall factor, the transition amplitude is given by
In the second line, we have written the phase factors in terms of the action of the black hole + detector system and that of the radiation field. This is to emphasize that only differences of actions appear in the integrand. Indeed, in the first factor, the action of the black hole alone cancels and one is left with the difference due to the change in the detector's state. Similarly, in the second factor, S ω is the change in action of the radiation field due to the insertion of the field operator at R, Θ. Using the stationary character of the states for the first factor and Unruh boundary condition for the second lead to eq. (25) and hence to our central result eq. (26) .
To obtain further insight about eq. (30), it is interesting to show how it should be simplified to give back the conventional expression of the amplitude B g→e+ω obtained in a given background, see eq. (8) . To recover this expression, it suffices to evaluate the difference in actions appearing in eq. (30) to first order in the energy change. Indeed, to first order, one has
In deriving this, we have first used the splitting of the total action discussed above and then Hamilton-Jacobi equations. Indeed, U K is the variable conjugate to the frequency ω and t the variable conjugate to E detector . It should be stressed that this recovery of the background field phases in the limit of small energy differences is a generic feature [28, 27, 26] : Whenever one takes into account a neglected heavy degree of freedom (here gravity), describes it by WKB waves and expands the resulting expressions for light transitions to first order in the light change, one recovers the usual background field expressions in which the heavy variable is treated classically, see the introduction of [16] for a brief description of these features. Moreover this first order expansion "commutes" with the integration over Θ. Thus it could equally be carried out after having performed the Θ integration. In this second form, one is expanding the exponential governing transition rates, eq. (26), to first order in E e − E g . In this one recovers the first law of black hole mechanics. This shows that the first law is nothing but the Hamilton-Jacobi equation applied to the Euclidean sector in the absence of conical singularity:
In view of the generic character of these features, it is clear that our analysis also applies to charged or rotating holes and to cosmological or acceleration horizons. Indeed all that is required is the evaluation of the phase factors entering eq. (30) . In this expression, the second factor e iSω presents no difficulty: it always encodes vacuum conditions as one crosses the future horizon. The first factor is more delicate since it requires to solve Einstein's equations driven by the energy of the detector. However in the case of static Rindler like situations, the on shell action gets its contribution only from the surface term at the horizon. Moreover, since only differences appear in transition amplitudes, eq. (30) also applies to the accelerated cases. Indeed even though the area of acceleration horizon might be infinite, the change in the horizon geometry due to a finite change in the matter energy distribution is finite and well defined, see [10] for an explicite computation. In particular, it is local in the transverse directions x i ⊥ when the change in the matter energy distribution is localized. This leads to finite and well defined changes in on-shell actions for the gravity-detector system which furthermore gives back the conventional background field result when linearized in ∆E detect. .
The KKW model
In the previous calculation the change in area was due to the change of the detector state. However the existence of a detector is not intrinsic to black hole radiation: the detector was only used to reveal the existence of the quanta of the radiation field. Therefore we seek for an intrinsic derivation of black hole radiance in which the change in area is due to the emission process itself. In this description, the change in area plays the role of the energy of the emitted quantum in Hawking's derivation. To this end, we must introduce a model for the emitted quanta which takes into account the deformation of the gravitational background. The simplest model is that of KKW [6, 7, 8] in which one makes the hypothesis that in the semi-classical limit and at high frequency the particles are described by self gravitating spherically symmetric light-like shells.
The starting point of the KKW model is the result of [29] . Namely that both outside and inside the shell the geometry is Schwarzschild. As in section 4 we shall take the outside mass M ADM to be fixed whereas inside the residual mass M(λ) = M ADM − λ depends on λ, the energy of the emitted shell measured at r = ∞.
In both geometries the shell follows a light like geodesic. In what follows we shall use only the inner metric to describe the trajectory, the action and the wave function of the shell. This choice will be justified after having presented the results.
Inside the shell, in Eddington-Finkelstein coordinates the metric is
and the trajectory of the shell satisfies
As in the previous section it is a appropriate to introduce a dimensionless time parameter defined near the horizon. The light like version of Θ is
where
is the surface gravity and r H (λ) = 2M(λ) is the final radius of the horizon. We shall also use as energy variable the area of the horizon A = πr 2 H (λ) rather then λ because A/8π is the conjugate to Θ and to V . In terms of these new variables the trajectory is
Close to the horizon the log dominates and the trajectory is expressed only in terms of quantities locally defined. Therefore this expression characterizes radial trajectories near all event horizons. As an illustration of this universality one easily verifies that for a charged non extremal black hole, the trajectory near the horizon also takes the form V ≃ ln(r − r H (A)) wherein the surface gravity does not appear.
In order to obtain the modes characterizing the quantum propagation of this shell we need its action. To obtain the action one could start from scratch, that is from the Einstein-Hilbert plus matter action and extremise it. This is the path followed in [6, 7] . However, since we know the trajectories we can use a short cut to obtain the Hamilton-Jacobi action, see also [8] .
Since the inside geometry is static, A is a constant of motion. Therefore the action can be written as S(r, V ;
where f is the Maupertuis action, that is ∂ r f = p is the momentum of the shell. The classical trajectory follows from stationarity of S with respect to A, ∂ A S = 0. In the present case it implies that ∂ A f = −V (r; A)/8π where V is given by eq. (35) . After integration from A to A 0 , one obtains
A 0 is the area of the horizon in the absence of shell, equal to A 0 = 4πM 2 ADM . With this choice, in the absence of the shell the action vanishes. This guarantees that to first order in the shell energy λ one identically recovers the action of a massless particle in the background geometry (at this order it can be taken to be either the inner or outer geometry). Notice also that A 0 is larger then A since the area of the horizon decreases when a particle of positive energy is emitted.
We have also added an r and V independent integration constant
At fixed A this function enables the initial momentum p 0 to be fixed arbitrarily and determine implicitly the initial radius r 0 or conversely to fix r 0 and determine implicitly p 0 . Technically this follows from ∂ r 0 S = −p 0 (A, r 0 ). The action eq. (37) is well defined on either side of the smeared horizon, that is for both r and r 0 greater than r H (A 0 ) or both less than r H (A). In each region, we can use it to define (in the WKB approximation) the wave function of self gravitating shells. For r and r 0 greater than r H (A 0 ), one has
This describes the classically allowed propagation of a shell outside the horizon. Similarly we can define a wave function
living only in the region r, r 0 < r H (A). These definitions are in strict analogy with the wave functions ϕ λ± defined in eq. (11) and reduce to them in the limit λ → 0. In particular the complex conjugation in eq. (40) arises because behind the horizon Θ time runs backwards. Notice that we did not write the prefactors of these waves. To conform ourselves to second quantized rules, we should have introduced prefactors such that the Wronskian be unity. We shall not pursue this since the prefactors play no role in what follows, i.e. the determination of the pair creation probability.
Between r H (A 0 ) and r H (A) one needs a prescription to define the logarithm. As explained at the end of section 2, the definition of the action can be used to encode the Unruh boundary condition. The analytical specification imposes that the φ ∆A,+ mode, the analog of φ λ,+ of eq. (13),
(41) be analytical and bounded in the upper half of the complex r plane at fixed V . This leads to the globally defined action
Thus as r goes from r > r H (A 0 ) to r < r H (A) the action acquires an imaginary part equal to
This simple result is due to the fact that the log in eq. (37) comes with anÃ independent weight. As emphasized after eq. (35) the origin of this independence follows from the universal form of light like outgoing trajectories near a future horizon: V = ln(r−r H (A)). Therefore eq. (43) universally follows from this behavior and from Unruh's prescription for the analytical behavior of the modes. This is the essential kinematical result of this section.
Using this result, we can write φ ∆A,+ as the linear combination
wherein only the relative weight of ϕ ∆A,+ and ϕ * ∆A,− has meaning, c.f. the above discussion about the normalization of the Wronskian. In section 2, the technique of Bogoljubov transformation enabled us to identify the square of the ratio of the weights of ϕ + and ϕ * − with the probability to emit a pair, see eq. (15) . In the presence of backreaction, the same relation still holds for rare and energetic events. Thus we obtain
in place of eq. (15) and in agreement with eq. (26) and [8] . The justification of this identification in the presence of backreaction is more delicate than in the free field theory and is discussed at the end of this section. Before this we shall compare our treatment with the original derivation of KKW [6, 7, 8] .
A first difference with the calculation of KKW is that we use A, V instead of λ, t as energy and time variables. The passage from one to the other is straightforwardly implemented by using the λ-dependent Jacobian dA/dλ in the action. The advantage of using the A, V variables from the start is that it is then manifest that the result for the probability of emission P = e −∆A/4 is no accident, but follows from the universal form of classical trajectories near a horizon.
A second difference is that KKW work with fixed black hole mass M and with a varying ADM mass M + λ. In an empty geometry, this can be shown to be mathematically equivalent to working as we do with a varying black hole area and fixed ADM mass. However as discussed in section 3 the second description reflects better the physics of the emission process wherein the black hole loses energy to the radiation while the mass at infinity stays constant. Then, when working at fixed ADM mass, the time at infinity cannot be used to parameterize the propagation of the shell, see [30] for a general proof of this super-selection rule. Thus, as in Section 4, it is through the Θ (or V ) dependence that one recovers the notion of evolution. For non empty geometries, we conjecture that it will be mandatory to work with a varying horizon area, i.e. to use the variables A, V to parameterize the process.
Thirdly we have implemented the Unruh boundary condition on the area eigenstates φ ∆A,± through the analytical behavior in r as it goes from one side of the horizon to the other. In [8] instead, the Unruh boundary condition is implemented by fixing the initial momentum p 0 = −∂ r 0 S at V = 0. These two procedures are equivalent. Indeed, in both cases, the definition of ln(r − r H ) in the action is obtained by imposing positive frequency in i∂ r across the horizon.
The boundary condition of fixed large positive momentum p 0 ≫ λ also shows the relation with the approach of section 4. Indeed the action of a self gravitating shell with initial constant momentum p 0 can be shown 2 to be
The assumption of KKW that in the presence of backreaction modes have the form φ = e iSp 0 is therefore equivalent to the assumption made in section 4, see eq. (24), that the wave function of particles in Unruh vacuum is proportional to e iCωe −Θ at constant r. We now turn to the delicate question of identifying twice the imaginary part of the action to go from one side of the horizon to the other with the (log of the) probability to emit a pair. In addressing this question one faces a double problem. First, due to gravity, the emission process is no longer linear. Indeed when two shells of energy λ are emitted, their action is not twice that of one particle. Therefore, probabilities for multiparticle production will be different from those obtained from a linear field theory. This means that the machinery of Bogoljubov transformations no longer applies. Secondly, we used WKB approximations for the wavefunctions. Since these are given in terms of the action of a single shell, we are certainly not in position to describe multi-particle effects, that is higher order effects in the tunneling amplitude e −ImS U . We shall now sketch how one can deduce, to leading order in e −ImS U , the probability of particle production from the properties of the wave functions, without resorting to Bogoljubov transformations. To present our method, we first return to the analysis in the absence of backreaction and consider the following matrix element When r > 2M, it has a simple interpretation. It is the amplitude for an out-particle created at (r, v) to be found at R ≫ 2M with energy λ. This is a classical process governed by the action R r dr ′ p λ (r ′ ) where p λ = 2λ/(1−2M/r) is the classical momentum of the particle. The normalization has been chosen so as to describe one out-particle, i.e. to have a unit current (Wronskian) for r > 2M. In a linear field theory this normalization can be calculated exactly and is given by the factors of α λ , see eq. (13) . It is thus proportional to 1 + O(e −2πλ/κ ). For self-gravitating shells, this normalization might be different but will remain proportional to 1 + O(e −2ImS U ). When r < 2M, this matrix element has also a simple interpretation because Φ and a out,λ+ commute. It defines the amplitude for a pair to be emitted by the black hole. Indeed, it defines the transition amplitude from |0 U to the state Φ(r, v)a † out,λ+ |0 U /α 2 λ . One member of the pair is outside the horizon and has energy λ, the other is behind the horizon at (r, v). Therefore the probability P λ to create a pair is given by the current β 2 λ /α 2 λ carried by φ * λ+ /α λ for r < 2M. This is the first result. Secondly, this result also shows we can use the classical action to compute P λ . Indeed, the prescription for defining the Unruh mode φ λ+ for r < 2M is such that its phase, i.e. the action p λ dr, is obtained by analytically continuing r − 2M in the upper half complex plane at fixed v. This fixes the ratio of the amplitudes φ λ+ on each side of the horizon. Thus the probability P λ is given by
Note that both the normalization α λ and the relativistic prefactors (4πλ) −1/2 cancel in this ratio. This follows from the fact that P λ is given by the ratio of the currents carried by φ λ,+ on each side of the future horizon.
Upon taking into account the gravitational backreaction, the above argument still applies if two conditions are met. First the WKB approximation of the wave functions must be valid. This guarantees that we can use the classical action to evaluate the relative amplitude of the Unruh modes on each side of the horizon. Secondly, the wave function of the total system, black hole + radiation field, must be (approximatively) factorisable into the wave function of the shell times the rest. Both require that the energy of the shell be large, i.e. λ/κ ≫ 1. Indeed, when this condition is met, its wave function can be written in a WKB form and it can also be factorized 3 . In quantum mechanics such a factorization is a good approximation whenever there is a hierarchy in the degrees of freedom: very heavy degrees of freedom that can be treated in the WKB approximation (the nuclear degrees of freedom in the case of a Rydberg electron orbiting an atom or molecule, the radius of the universe in quantum cosmology, the black hole in the present case); moderately energetic degrees of freedom that can also be treated in the WKB approximation (the Rydberg electron, heavy matter in cosmology, rare energetic particles emitted by the black hole); and degrees of freedom that must be treated quantum mechanically (the inner electrons, the other matter degrees of freedom in cosmology, less energetic particles emitted by the black hole). Then the very heavy and the the moderately heavy degrees of freedom propagate semi-classically in the mean potential due to the other degrees of freedom (for a detailed treatment of the BornOppenheimer approximation in a dynamical context, see [33] for atomic physics and [34] for cosmology). Moreover, the probabilities of the rare quantum transitions of the moderately energetic degrees of freedom can be obtained from the sole properties of their wave function. The reason is that the wave functions of both the heavier and the lighter degrees cancel out from the bra-kets which represent transition amplitudes. An illustration of such cancellations is given in eq. (30) where only the difference in actions due to the process itself enter in the transition amplitude.
In brief, when both conditions are met, the former analysis performed in the linear theory applies. This guarantees that to first order in e −ImS U , eq. (45) is correct. This is also what has been adopted in [6, 7, 8] .
For the interested reader, we indicate how one can explicitize this factorization in the present case. To this end, it is appropriate to consider the following matrix element for the field Φ in the presence of gravitational backreaction: 
where |BH A,in is the quantum state of the entire system black hole of area A plus radiation field in Unruh vacuum 4 . On the right hand side the factor φ ∆A,+ is the WKB mode eq. (41) and the factor C encodes both multiparticle effects and the evolution of the black hole and less energetic emitted particles.
When r > r H (A 0 ) and R > r H (A 0 ) this matrix element describes the evolution of a quantum created at (r, V ) and destroyed at R where it has eigenvalue i∂ V = ∆A. The approximation that the area A stays constant during the time the particle is emitted is valid only if the quantum φ ∆A,+ has energy much larger then the Hawking temperature so that the change of area due to the other emitted quanta can be neglected. This is the condition mentioned above which ensures validity of the WKB approximation.
When r < r H (A) and R > r H (A 0 ), then the matrix element eq. (49) is the amplitude to find a pair of quanta in the state |BH A 0 ,in , one of which is located at R and induces a change in horizon area ∆A, the other is located at (r, V ). This amplitude is obtained by continuing analytically the on shell propagation when r > r H (A) to r < r H (A). Taking the ratio of the current for r < r H (A) and r > r H (A 0 ), the normalization of the mode φ ∆A,+ cancels, and one obtains the probability of creating a pair 
Multiparticle effects could modify this result, but only by a term proportional to 1 + O(e −2ImS U ). The above analysis of the KKW model can probably be generalised to rotating holes and to cosmological or acceleration horizons. But this will require that one refine the procedure so as to take into account the transversal directions. We hope to return to this problem.
Conclusion
To conclude let us summarize the hypothesis that we made. First we supposed that in the presence of backreaction physics in the neighborhood of a black hole is described by a quantum field theory derivable from the total action S gravity+matter . Second we supposed that the wave function of the total system factorizes into a piece describing the emitted particle and the rest describing the black hole and the other matter degrees of freedom. Finally we supposed that the wave functions governing heavy degrees of freedom could be approximated by a WKB form.
The first hypothesis may seem completely evident, but one must recall that there are scenarios, such as the brick wall model of 't Hooft, in which it is not necessarily true. Furthermore a recent critique of the KKW model [35] does not recover eq. (1) because its matter model does not derive from an action principle. The validity of the last two hypothesis was discussed at the end of the preceeding section and in [7] .
As a last comment, we point out that both Section 4 and Section 5 indicate that the area of the horizon should be identified with an entropy. Indeed, in Section 4, the ratio of the rates determines the equilibrium population ratios of the ground and excited states. Then, since the detector-black hole system is in a micro-canonical ensemble, microreversibility guarantees that this population ratio is equal to the ratio of the number of states of the black hole if the detector is found in its ground or excited state. Thus upon taking into account the backreaction and working in a micro-canonical distribution, one is directly lead to the identification of A/4 with the entropy of the black hole, without having to pass through the integration of the first law through classical general relativity. The same conclusion can also be obtained from the analysis of Section 5. Indeed, upon imposing reflecting boudary conditions at some radius and asking for equilibrium, one is lead to the same conclusion since only phase space considerations govern the equilibrium. This remarkable outcome of quantum horizon physics obtained from recoiling geometries was already pointed out in [10, 15, 8, 9] .
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